Abstract. This paper is devoted to the study of the topological pressure dimension for almost additive sequences, which is an extension of topological entropy dimension. We investigate fundamental properties of the topological pressure dimension for almost additive sequences. In particular, we study the relationships among different types of topological pressure dimension and identifies an inequality relating them. Also, we show that the topological pressure dimension is always equal to or greater than 1 for certain special almost additive sequence.
Introduction
In 1958, Kolmogorov applied the notion of entropy from information theory to ergodic theory. Since then, the concepts of entropies are useful for studying topological and measure-theoretic structures of dynamical systems, that is, topological entropy (see [1, 9, 10] ) and measure-theoretic entropy (see [20, 33] ). For instance, two conjugate systems have the same entropy and thus entropy is a numerical invariant of the class of conjugated dynamical systems. The theory of expansive dynamical systems has been closely related to the theory of topological entropy [13, 32, 46] . Entropy and chaos are closely related, for example, a continuous map of interval is chaotic if and only if it has a positive topological entropy [8] . Moreover, various authors have introduced several refinements of entropy, including slow entropy [30] , measure-theoretic complexity [25] , and entropy-like invariants for noninvertible maps [29, 39, 19] . The authors [18, 36, 37, 34] extended and studied as above some entropy-like invariants for the non-autonomous discrete dynamical systems given by a sequence of continuous self-maps of a compact topological space.
Properties of positive entropy systems have been studied in many different respects along with their applications. Comparing with positive entropy systems, we have much less understanding and less tools for zero entropy systems, although systems with positive entropy are much more complicated than those with zero entropy. Zero entropy systems have various complexity, and have been studied many authors (see [15, 17, 21, 22, 26, 27, 28, 38, 40] ). These authors adopted various methods to classify zero entropy dynamical systems. Carvalho [15] introduced the notion of entropy dimension to distinguish the zero topological entropy systems and obtained some basic properties of entropy dimension. Cheng and Li [17] further discuss entropy dimension of the probabilistic and the topological versions and gives a symbolic subspace to achieve zero topological entropy, but with full entropy dimension. Ferenczi and Park [26] investigated a new entropy-like invariant for the action of Z or Z d on a probability space.
Topological pressure is a generalization of topological entropy for a dynamical system. The notion was first introduced by Ruelle [43] in 1973 for expansive maps acting on compact metric spaces. In the same paper he formulated a variational principle for the topological pressure. Later Walters [47] generalized these results to general continuous maps on compact metric spaces. The theory concerning the topological pressure, variational principle and equilibrium states plays a fundamental role in statistical mechanics, ergodic theory and dynamical systems (see [11, 31, 44, 48] ). After the works of Bowen [12] and Ruelle [45] , the topological pressure turned into a basic tool in the dimension theory related to dynamical systems. In 1984, Pesin and Pitskel [41] defined the topological pressure of additive potentials for non-compact subsets of compact metric spaces and proved the variational principle under some supplementary conditions. In 1988, Falconer [23] considered the thermodynamic formalism for sub-additive potentials for mixing repellers. He proved the variational principle for the topological pressure under some Lipschitz conditions and bounded distortion assumptions on the sub-additive potentials. In 1996, Barreira [2] extended the work of Pesin and Pitskel. He defined the topological pressure for an arbitrary sequence of continuous functions on an arbitrary subset of compact metric spaces, and proved the variational principle under a strong convergence assumption on the potentials. In 2008, Cao, Feng and Huang [14] and Feng and Huang [24] generalized Ruelle and Walterss results to sub-additive potentials in general compact dynamical systems. Zhang [50] introduced the notion of measure-theoretic pressure for sub-additive potentials, and studied the relationship between topological pressure and measure-theoretic pressure. Recently, Chen, Ding and Cao [16] studied the local variational principle of topological pressure for sub-additive potential, Liang and Yan [35] introduced the topological pressure for any sub-additive potentials of a countable discrete amenable group action and established a local variational principle for it, and Yan [49] investigated the topological pressure for any sub-additive and asymptotically sub-additive potentials of Z d -actions and established the variational principle for them. Cheng and Li [18] extended the definition of entropy dimension and gave the definition of topological pressure dimension, which is also similar to the fractal measure, and studied the relationships among different types of topological pressure dimension and identifies an inequality relating them.
In this paper we introduce different various topological pressure dimension for almost additive sequences and discuss how they are related to one another. The defined topological pressure dimension generates that of Cheng and Li. We study properties of the different forms of topological pressure dimension and prove that those topological pressure dimensions have some properties similar to the topological pressure. In the end of those works, we give the topological pressure dimension is greater than or equal to 1 for certain special almost additive sequence.
Definition of topological pressure dimension for almost additive potentials
A topological dynamical system (X, d, T ) ((X, T ) for short) means that (X, d) is a compact metric space together with a continuous self-map T : X → X. Let N denote the set of all positive integers and let Z + = N∪ {0}. Given a topological dynamical system (X, T ), denote by C X the set of all finite open covers of X. Given two covers α, β ∈ C X , we say that β is finer than α (α β) if for every V ∈ β there is a set U ∈ α such that V ⊆ U. Let α ∨ β = {U ∩ V : U ∈ α, V ∈ β}. It is clear that α α ∨ β and β α ∨ β. Given n ∈ N and cover α ∈ C X , let
Given α ∈ C X , let N (α) be the number of the sets in a subcover of α with the smallest cardinality.
Let n ∈ N and ǫ > 0. Define the metric d n on X by
A subset F ⊆ X is an (n, ǫ)-spanning set of X if for any x ∈ X, there exists y ∈ F such that d n (x, y) < ǫ, let s(n, ǫ) be the minimal cardinality of any (n, ǫ)-spanning set of X. The dual definition is as follows. A subset E ⊆ X is an (n, ǫ)-separated set of X if for any x = y in E, one has d n (x, y) > ǫ, let the quantity r(n, ǫ) be the maximal cardinality of (n, ǫ)-separated set of X. It is well known that
Let C(X, R) be the space of real-valued continuous functions of X. For ϕ ∈ C(X, R) and n ≥ 1, denote
Now, We first introduce the class of almost additive sequence. Let (X, T ) be a topological dynamical system and Φ = (ϕ n ) n∈N be a sequence of functions with ϕ n ∈ C(X, R).
Definition 2.1. A sequence of functions Φ = (ϕ n ) n∈N is said to be almost additive for T if there is a constant C > 0 such that
for every n, m ∈ N and x ∈ X.
Clearly, given ϕ ∈ C(X, R), (S n ϕ) n∈N is an almost additive sequence. Some nontrivial examples of almost additive sequences, related to the study of Lyapunov exponents of nonconformal transformations, are given in [2, 3, 4, 5, 6] . Next, we give the definition of topological pressure dimension for almost additive sequences by using open covers, spanning sets and separated sets as follows. Throughout this paper, let (X, T ) be a topological dynamical system and Φ = (ϕ n ) n∈N be an almost additive sequence for T with a positive constant C.
Let n ≥ 1 and α be an open cover of X. Denote
|β is a finite subcover of
Then we define the lower cover s-topological pressure with respect to Φ is to be
is nonnegative and decreasing with s, then there exists
is nonpositive and increasing with s, then there exists s 0 ∈ [0, +∞] such that
Proposition 2.1 (2) and (3) indicate that the value of P D 1 (s, T, Φ) jumps from infinity to 0 at both sides of some point s 0 . Similar to the fractal dimension, define the lower cover pressure dimension of T with respect to Φ as follows
A similar definition for the upper cover pressure dimension for almost additive sequences is as follows.
Let Φ = (ϕ n ) n∈N and α ∈ C X . Denote
and define the upper cover s-topological pressure with respect Φ is to be
Furthermore, using the same argument, we define the upper cover pressure dimension of T with respect to Φ as follows:
Next, we give the definitions of topological pressure dimension for almost additive sequences by using the spanning set and the separated set. Let n ≥ 1, Φ = (ϕ n ) n∈N and ǫ > 0. Denote
|F is an (n, ǫ)−spanning set for X .
Then we define s-topological pressure with respect Φ from the spanning set to be
By [7] , when s = 1, P D 2 (s, T, Φ) is just the topological pressure of T for almost additive sequences Φ. For the s-topological pressure P D 2 (s, T, Φ), Proposition 2.1 holds as well. Analogous to the fractal dimension, the topological pressure dimension of T with respect to Φ from spanning set is defined as follows:
Then we define s-topological pressure with respect Φ from the separated set to be
We define the topological pressure dimension of T with respect to Φ from the separated set as follows:
Note that Q n (T, Φ, ǫ) ≤ P n (T, φ, ǫ) for any ǫ > 0 and n ∈ N. Moreover, if α ∈ C X has a Lebesgue number δ, then q n (T, Φ, α) ≤ Q n (T, Φ,
) and P n (T, Φ, ǫ) ≤ p n (T, Φ, γ) if ǫ > 0 and γ is an open cover with diameter of γ less than or equal to ǫ. This implies the following inequality:
, where P D i (s, T, ϕ) and P D i (T, ϕ) are s-topological pressure and topological pressure dimension for potential function ϕ defined by Cheng and Li [17] respectively. Proposition 2.2. Let (X, T ) be a topological dynamical system and Φ = (ϕ n ) n∈N be an almost additive sequence.
Proof. Let E be an (n, ǫ)-separated set and F be an (n,
. Then φ is injective, further, we have
Moreover, by inequality (2.1), we have
and
Furthermore, This implies that
.
This inequality holds for any δ, furthermore,
Since the above inequality holds for any δ > 0, it follows that for 1 < s < +∞,
3 s-topological pressure for almost additive potentials Let (X, d, T ) be a topological dynamical system. Let n ∈ N, ǫ > 0 and s > 0. Carvalho [15] and Cheng and Li [17] gave the definitions of s-topological entropy and topological entropy dimension as follows: s-topological entropy is to be as
And the topological entropy dimension of T is to be
Proposition 3.1. Let Φ = (ϕ n ) n∈N and Ψ = (ψ n ) n∈N be two almost additive sequences. Define
Then Φ + Ψ is an almost additive sequence.
Proof. Since Φ = (ϕ n ) n∈N and Ψ = (ψ n ) n∈N are two almost additive sequences, there exist C 1 > 0 and C 2 > 0 such that
for every n, m ∈ N and x ∈ X. By the inequalities (3.4) and (3.5), we have
which implies that
This shows that Φ + Ψ = (ϕ n + ψ n ) n∈N is an almost additive sequence.
Similarly, we can easily prove that if Φ = (ϕ n ) n∈N is an almost additive sequence and λ ∈ R, so is λΦ = (λϕ n ) n∈N . Denote Φ = 0 if for every n ∈ N and x ∈ X, ϕ n (x) = 0 and Φ ≤ Ψ if for every n ∈ N and x ∈ X, ϕ n (x) ≤ ψ n (x).
Theorem 3.1. Let (X, T ) be a topological dynamical system and Φ = (ϕ n ) n∈N be an almost additive sequence.
Proof. (1) Since Φ = 0, i.e., ϕ n = 0 for every n ∈ N, we have become the cardinalities of the spanning set F and the separated set E respectively. Therefore, according to the definitions of the D(s, T ) and P D i (s, T, Φ), we have
(2) Since Φ = (ϕ n ) n∈N is an almost additive sequence, by the inequality (2.1), we have
Furthermore,
and inf ϕ 1 , sup ϕ 1 are finite since X is compact and ϕ 1 is continuous. Hence, we have
By s = 1 and the definitions of P D i (s, T, Φ), we have
(3) If s > 1, then by the above inequality (3.6) and the definitions of D(s, T ) and
Theorem 3.2. Let (X, T ) be a topological dynamical system and s > 0. Let Φ = (ϕ n ) n∈N and Ψ = (ψ n ) n∈N be two almost additive sequences. Then
(2) For i = 1, 2, 3, 4.
Proof. (1) By Proposition 3.1, Φ + Ψ = (ϕ n + ψ n ) n∈N is an almost additive sequence. Let E be an (n, ǫ)-separated set of X for T . Since
we have P n (T, Φ + Ψ, ǫ) ≤ P n (T, Φ, ǫ)P n (T, Ψ, ǫ), which implies
(2) We only prove that i = 1 holds. Let α ∈ C X and β is a subcover of
We need the following results to finish the proof. If a 1 , a 2 , · · · , a k are positive numbers 
Therefore, we have
which implies (2) holds for i = 1. Similarly, we can prove that (2) holds for i = 2, 3, 4.
Theorem 3.3. Let (X, T ) be a topological dynamical system and s > 0. Let Φ = (ϕ n ) n∈N and Ψ = (ψ n ) n∈N be two almost additive sequences.
Proof.
(1) Since Φ ≤ Ψ, we have ϕ n (x) ≤ ψ n (x) for any x ∈ X and n ∈ N. Furthermore, e ϕn(x) ≤ e ψn(x) . By the definitions of P D i (s, T, Φ), we have
(2) We only prove that
and β be a subcover of
. We can easily prove that Φ + Ψ • T − Ψ = (ϕ n + ψ n • T − ψ n ) n∈N is an almost additive sequence. Since Ψ = (ψ n ) n∈N is an almost additive sequence, there exists C > 0 such that
Furthermore, we have
Denote ϕ = max x∈X |ϕ(x)|. Hence, by the inequality (3.7), we have
Note that
which implies
for any α ∈ C X . Furthermore,
Therefore, by the definition of P D 1 (s, T, Φ) and s > 1, we have
Similarly, we can prove
and E be an (n, ǫ)-separated set of X for T . By Hölder's inequality, we have
This implies
Therefore,
Let (X, T ) be a topological dynamical system and Φ = (ϕ n ) n∈N be an almost additive sequence. Define Φ k = (ϕ nk ) n∈N . Clearly, Φ k is also an almost additive sequence.
Proposition 3.2. Let Φ = (ϕ n ) n∈N be an almost additive sequence(with respect to T in X). If T is a homeomorphism, then Φ ′ = (ϕ n • T −(n−1) ) n∈N is an almost additive sequence(with respect to T −1 in X).
for every n, m ∈ N and x ∈ X. Next, we prove
In the inequality (3.8), by using T −(n+m−1) (x) instead of x, then
which implies the inequality (3.9) holds. Therefore, Φ ′ = (ϕ n • T −(n−1) ) n∈N is an almost additive sequence for T −1 .
Theorem 3.4. Let (X, T ) be a topological dynamical system and s > 0. Let Φ = (ϕ n ) n∈N be an almost additive sequence for T and
(2)
• If s = 1,
• if s > 1,
(1) Denote
Let α ∈ C X . Then
Since Φ = (ϕ n ) n∈N is an almost additive sequence for T , there exists C > 0 such that
for every n, m ∈ N and x ∈ X. Furthermore, we have
This implies that
for every x, y ∈ X. Hence, E is an (n, ǫ)-separated for T if and only if T n−1 (E) is an (n, ǫ)-separated set for T −1 . Note that
Similarly, we can prove P D 3 (s,
Let α ∈ C X and β be a subcover of
it follows that
n (x) |β is a finite subcover of
e ϕn(y) |β is a finite subcover of
The above equalities imply that
. The case i = 4 can be proved similarly.
Let (X, T 1 ) and (Y, T 2 ) be two topological dynamical systems. Then, (X, T 1 ) is an extension of (Y, T 2 ), or (Y, T 2 ) is a factor of (X, T 1 ) if there exists a surjective continuous map π : X → Y (called a factor map) such that π•T 1 (x) = T 2 •π(x) for every x ∈ X. If π is a homeomorphism, then (X, T 1 ) and (Y, T 2 ) are said to be topologically conjugate and the homeomorphism π is called a conjugate map. Let (X, d 1 , T 1 ) and (Y, d 2 , T 2 ) be two topological dynamical systems. Let Φ = (ϕ n ) n∈N be an almost additive sequence for T 2 . If (Y, T 2 ) is a factor of (X, T 1 ) with a factor map π :
Proof. If (Y, T 2 ) is a factor of (X, T 1 ) with a factor map π : X → Y , then π • T 1 (x) = T 2 • π(x) for every x ∈ X. We first prove that if Φ = (ϕ n ) n∈N is an almost additive sequence for T 2 , then Φ • π = (ϕ n • π) n∈N is an almost additive sequence for T 1 . In fact, since Φ = (ϕ n ) n∈N is an almost additive sequence with respect to T 2 there exists C > 0 such that
2 (y)) + C for every n, m ∈ N and y ∈ Y . Note that for any x ∈ X, there exists y ∈ Y such that π(x) = y. Furthermore,
Since X is compact and π is a continuous map, then for any given ǫ > 0, there exists δ > 0 such that d 1 (x, y) < δ satisfying d 2 (π(x), π(y)) < ǫ. Combining this and π is surjective, if F is an (n, δ)-spanning set of X for T 1 , then π(F ) is an (n, ǫ)-spanning set of Y for T 2 . Thus, we have
If π is a conjugate map, then we can use T 2 , T 1 , π −1 , Φ • π instead of the above with T 1 , T 2 , π, Φ respectively, which implies that P D 2 (s,
4 Topological pressure dimension for almost additive potentials
In this section, we discuss the relation between D(T ) and P D i (T, Φ), i = 1, 2, 3, 4 for certain special almost additive sequence Φ. Moreover, we give some examples on topological pressure dimension for almost additive sequences. Theorem 4.1. Let (X, T ) be a topological dynamical system and Φ = (ϕ n ) n∈N be an almost additive sequence. If
Proof. Since D(T ) < 1, we have D(1, T ) = 0. By (2) of Theorem 3.1, 1, 2, 3, 4) .
Let A be a positive constant and Φ = (nA) n∈N . It is obvious that Φ = (nA) n∈N is an almost additive sequence. 
Proof. We first prove that the cases i = 1, 4. Let α ∈ C X and β is a subcover of 
Therefore, Example 4.1. Let (Σ 2 , σ) be a one-sided symbolic dynamical system, where Σ 2 = {x = (x n ) ∞ n=0 : x n ∈ {0, 1} for every n}, σ(x 0 , x 1 , x 2 , · · · ) = (x 1 , x 2 , · · · ). Let Φ = (nA) n∈N and A > 0. Then P D i (T, Φ) = 1, i = 1, 2, 3, 4.
Considering {0, 1} as a discrete space and putting product topology on Σ 2 , an admissible metric ρ on the space Σ 2 is defined by ρ(x, y) = 
